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Borel WKB , 2
( Schr\"odinger ) (cf. [V], [DP], [KT] etc).
, Berk et al. ([BNR]) “new Stokes
line” ( “new Stokes curve”)
, ([AKTI], [AKT2],
[AKT3] $)$ . , , 1
. , 1
WKB , ,
( ) WKB .
21 WKB
1 WKB ,
Wasow [W1], [W2] . ( ,






(2.1) $\frac{d}{dx}\psi=\eta H(x)\psi$ ( $\eta$ : large parameter)
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( , $H(x)$ $n\mathrm{x}n$ , $\psi(x)$ $n$
) ,
(2.2) $\frac{d}{dx}\psi=\eta H(x, \eta)\psi$ , $H(x, \eta)=H_{0}(x)+\eta^{-1}H_{1}(x)+\eta^{-2}H_{2}(x)+\cdots$
( , $H_{j}(x)$ $K$ $\sup_{K}||H_{j}(x)||\leq A_{K}C_{K}^{j}j!(A_{K},$ $C_{K}$
) ) .
, (2.1) (WKB ) .
, 2 Riccati
( , )
. , [Wl, Chapter VII], [W2, Chapter $\mathrm{I}\mathrm{I}$ ] ,
“ ” . , $\psi=R(x, \eta)\varphi=$
$(R_{0}(x)+\eta^{-1}R_{1}(x)+\cdots)\varphi$ (2.1)
. , $H(x)$ ( $H_{0}(x)$ ) $\rho_{j}(x)$ $(j=1, \ldots, n)$
,
(2.3) $\Omega=\{x\in \mathbb{C};\rho_{j}(x)\neq\rho_{k}(x)(j\neq k)\}$
( , $\Omega$ ) , $\psi=$








( , $[A, B]=AB-BA$ 2 $A$ $B$ , . . . $\eta$
) . , $\tilde{H}_{0}$ $\rho_{j}$
, (2.6) (-1) . , $P_{0}^{-1}dP_{0}/dx$
$(j, k)$ $c_{jk}$ , $P_{1}$ $(j, k)$ $c_{jk}/(\rho_{j}-\rho_{k})$
. , $\tilde{\psi}=(1+\eta^{-1}P_{1}(x))\psi^{\approx}$ (-1) .
, . $(\psi^{\sim(j)}=(1+\eta^{-j}P_{j}(x))\psi^{\sim(j+1)}$
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$(\ovalbox{\tt\small REJECT})$ , $[H_{0}, \ovalbox{\tt\small REJECT}]$
.) , $\Omega$ ,
(2.7) $\psi$ $=$ $P_{0}(x)(1+\eta^{-1}P_{1}(x))(1+\eta^{-2}P_{2}(x))\cdots\varphi$
$\mathrm{d}\mathrm{e}\mathrm{f}=$
$(R_{0}(x)+\eta^{-1}R_{1}(x)+\eta^{-2}R_{2}(x)+\cdots)\varphi$





(2.7) , (2.1) ( )
.
(2.9) $\psi^{(j)}=\exp(\eta\int_{x_{0}}^{x}(\rho_{j}(x)+\cdots)dx)R^{(j)}(x)$ .
, $\rho_{j}(x)+\cdots$ $\overline{H}(x, \eta)=\overline{H}_{0}(x)+\eta^{-1}\overline{H}_{1}(x)+\cdots$ $j$
( $\overline{H}_{0}(x)$ $H(x)$ $\rho_{j}(x)$ ) ,
$R^{(j)}(x)$ $R(x, \eta)=R_{0}(x)+\eta^{-1}R_{1}(x)+\cdots$ $j$ ( $j$ )
. , $x_{0}$ . (2.1) WKB
. , , .
WKB , , Borel .
2.2 Turning point aStokes curve
WKB (2.9) ( $\eta$ $(+1)$ ) , $H(x)$
$\rho_{j}(x)$ . , ,
(2.1) turning point Stokes curve .
(2.10) turning point $\Leftrightarrow \mathrm{d}\mathrm{e}\mathrm{f}$ $\rho_{j}(a)=\rho_{k}(a)$ $x=a$ ,
(2.11) Stokes curve $\Leftrightarrow \mathrm{d}\mathrm{e}\mathrm{f}$ $s^{\propto}( \int_{a}^{x}(\rho_{j}(x)-\rho_{k}(x))dx)=0$.
( $(2.11)$ $a$ $\rho_{j}(a)=\rho_{k}(a)$ turning point.)
, generic , {\rho j(x 2
turning point . , simple double turning point (




WKB (2.9) Borel , Stokes curve Stokes
. (2.1) ,
Stokes .
, turning point . ,
simple double turning point .
, $x=0$ (2.1) (simple double ) turning point .
turning point $H(x)$ 2
, $S_{0}(x)$ (non-singular $x=0$ )
$S_{0}(x)^{-1}H(x)S_{0}(x)$ “block diagonalize” ( , $x=0$ 2{
$2\cross 2$ $(n-2)\cross(n-2)$
) . , WKB
, block diagonalization $\eta$
(full order ) . , $x=0$ ,
(2.12) $\psi=(S_{0}(x)+\eta^{-1}S_{1}(x)+\eta^{-2}S_{2}(x)+\cdots)\varphi$
( $S_{j}(x)$ $x=0$ $S_{0}(x)$ non-singular) (2.1)
(2.13) $\frac{d}{dx}\varphi=\eta[\tilde{H}_{0}(x)+\eta^{-1}\tilde{H}_{1}(x)+\cdots]\varphi$,
$\overline{H}_{j}(x)$ 2 $\cross 2$ $(n-2)\cross(n-2)$ ,
. ( [Wl, Theorem 252] .) , generic
, turning point
$2\cross 2$ .
, (2.2) $2\cross 2$ , $x=0$
(simple double ) turning point . simple turning
point .
Theorem 1 ([Wl, Theorem 29.1 &29.2]) $2\cross 2$ (2.2) $x=0$
simple turning point . ,
(2. 14) $\psi=\exp(\frac{\eta}{2}\int_{0}^{x}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}H_{0}(x)dx)(T_{0}(x)+\eta^{-1}T_{1}(x)+\eta^{-2}T_{2}(x)+\cdots)\varphi$
( $T_{j}(x)$ $x=0$ , $T_{0}(x)$ non-singular) ,
(2.15) $x\mapsto z=z(x)$
, (2.2) .
(2.16) $\frac{d}{dz}\varphi=\eta(\begin{array}{ll}0 1z 0\end{array}) \varphi$ .
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$2\cross 2$ , Hanson [H], [HR]
. double turning point
.
Theorem 2 $2\cross 2$ (2.2) $x=0$ double turning point
. ,
(2.17) $\psi=\exp(\frac{\eta}{2}\int_{0}^{x}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{e}H_{0}(x)dx)(T_{0}(x)+\eta^{-1}T_{1}(x)+\eta^{-2}T_{2}(x)+\cdots)\varphi$




. , (2.19) .
(Case $\mathrm{I}$ ) rank $(H_{0}(0)-\rho_{1}(0))=0$ ,
(2.20) $\overline{H}_{0}(z)=(\begin{array}{ll}z 00 -z\end{array})$ , $\overline{H}_{j}(z)=(\begin{array}{ll}0 \mu_{j}\nu_{j} 0\end{array})$ $(j\geq 1)$ .
(Case $\mathrm{I}\mathrm{I}$ ) rank $(H_{0}(0)-\rho_{1}(0))=1$ ,
(2.21) $\overline{H}_{0}(z)=(\begin{array}{ll}0 1z^{2} 0\end{array})$ , $\overline{H}_{j}(z)=(\begin{array}{ll}0 ‘ 0\nu_{j} 0\end{array})$ $(j\geq 1)$ .




(2.22) $H_{0}(x)=(\begin{array}{ll}a(x) b(x)c(x) -a(x)\end{array})$ , $\triangle(x)=a(x)^{2}+b(x)c(x)$
. $H_{0}(x)$ . Case I
, $H_{0}(0)=0$ , $x=0$ $H_{0}^{\uparrow}(x)$
$H_{0}(x)=xH_{0}^{\uparrow}(x)$ . , $H_{0}^{1}(x)$ $\triangle^{\mathrm{t}}(x)$
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, $\triangle(x)=x^{2}\triangle\dagger(x)$ double turning point $\triangle^{\mathrm{t}}(0)\neq 0$
. $H_{0}^{\uparrow}(x)$ , $H_{0}(x)$ . ,
$T_{0}(x)$ ( $x=0$ )
(2.23) $T_{0}(x)^{-1}H_{0}(x)T_{0}(x)=(\sqrt{\triangle(x)}0-\sqrt{\triangle(x)}0)$
. , $z=z(x)$
(2.24) $z \frac{dz}{dx}=\sqrt{\triangle}$, Le., $z(x)=(2 \int_{0}^{x}\sqrt{\triangle(x)}dx)^{1/2}$
, $H_{0}(x)$ (2.20) . ,
Case , non-singular $T_{0}(x)$
(2.25) $H_{0}(x)T_{0}(x)=T_{0}(x)(\begin{array}{l}01\Delta(x)0\end{array})$
. , $T_{0}(x)$ 1 , 2 $\vec{e}_{1},\vec{e}_{2}$ ,
(2.25) $H_{0}(x)\vec{e}_{2}=\vec{e}_{1}$ , rank $H_{0}(0)=1$
$6$ }$|\vec{e}_{2}$ . (2.24) ,
(2.26) $\psi=(\begin{array}{ll}1 00 \frac{dz}{dx}\end{array})\varphi$
, $H_{0}$ (2.21) .
, $\eta$ . Case simple turning point
(cf. [W2, \S 5.2]), Case I .
. $z$ , , $j\geq 2$
(2.27) $H_{0}(z)=(\begin{array}{ll}z 00 -z\end{array})$ , $H_{k}(z)=(\begin{array}{ll}0 \mu_{k}\nu_{k} 0\end{array})$ $(1 \leq k\leq j-1)$ ,
$H_{j}(z)$
(2.28) $H_{j}(z)=(\begin{array}{ll}0 b_{j}(z)c_{j}(z) 0\end{array})$
. ( , $H_{1}(z)$ ,
, [T3] .) ,




(2.31) $\overline{H}_{j}$ $=$ $(Hj+[H0, Pj])$
$=$ $(\begin{array}{ll}0 b_{j}(z)+2zr(z)c_{j}(z)-2zs(z) 0\end{array})$ ,
(2.32) $\overline{H}_{j+1}$ $=$ $(H_{j+1}+[H_{1}, P_{j}]- \frac{dP_{j}}{dz})$
$=$ $(\begin{array}{llll}a_{j+1}+(\mu_{1}s-\nu_{1}r)- p’ b_{j+1}-\mu_{1}(p-q)- r’c_{j+1}+\nu_{1}(p-q)- s -(\mu_{1}s-\nu_{1}r)-d_{j+1} q’\end{array})$
( $H_{j+1}$ $a_{j+1}=a_{j+1}(z)$ ). ,
(2.33) $\mu_{j}=b_{j}(0)$ , $\nu_{j}=c_{j}(0)$
,
(2.34) $r(z)$ $=$ $-(b_{j}(z)-b_{j}(0))/(2z)$ ,
(2.35) $s(z)$ $=$ $(c_{j}(z)-c_{j}(0))/(2z)$ ,
(2.36) $p(z)$ $=$ $\int_{0}^{z}(a_{j+1}+(\mu_{1}s-\nu_{1}r))dz$ ,




.$\cdot$ Theorem 1 Theorem 2 $T_{j}(x)$ , Theorein 2
$\overline{H}_{j}(z)$ , $r,$ $A,$ $C$ ,
(2.38) $| \sup_{x|\leq r}||T_{j}(x)||\leq AC^{j}j!$ $(j=0,1,2, \ldots)$ ,




Theorem 1 simple turning point Airy ( ,
) , Theorem 2 Case $\mathrm{I}\mathrm{I}$ ,
rank 1 double turning point Weber ,




, Case $\mathrm{I}$ , rank 0 double turning point
. , Case I double turning
point Stokes curve .
Theorem 2 , Case I double turning point
(2.19)\sim (2.20) . , (
) $\eta$
(2.40) $\frac{d}{dz}\varphi=\eta[(\begin{array}{ll}z 00 -z\end{array})+ \sum_{j=1}^{\infty}\eta^{-j/2}(\begin{array}{ll}0 \mu_{j}/2\nu_{j}/2 0\end{array})] \varphi$
, $z=0$ (double) turning point , Stokes curve
. [Tl, fi3] , (2.40) (generic
) Weber variant , Weber
. ,
$\varphi^{(+)}$ $=$ $\{(\begin{array}{l}1\frac{\eta^{-1/2}\nu_{1/2}}{2z}\end{array})+\cdots\}e^{\eta z^{2}/2}z^{\mu\nu/2}(1+\cdots)$
(2.41)
$\varphi^{(-)}$ $=$ $\{(-\frac{\eta^{-1/2}\mu_{1/2}}{12z})+\cdots\}e^{-\eta z^{2}/2}z^{-\mu\nu/2}(1+\cdots)$
, Stokes curve $\Re z>0$ $\Re z<0$
, $\varphi^{(\pm)}$ Borel .
(2.42) $\{\begin{array}{l}\varphi^{(+)}-\varphi^{(+)}\varphi^{(-)}-\varphi^{(-)}-2^{\mu\nu/2}\eta^{\mu\nu/2}\mu\frac{\sqrt{\pi}}{\Gamma(\mu\nu/2+1)}e^{-i\pi\mu\nu/2}\varphi^{(+)}\end{array}$
( $\mu=\mu_{1/2}+\eta^{-1/2}\mu_{1}+\cdots,$ $\nu=\nu_{1/2}+\eta^{-1/2}\nu_{1}+\cdots$ , cf. [Tl, \S 3], [T3]). ,
Theorem 2 2 WKB .
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WKB , WKB ($\eta$ ) Borel
( Laplace ) , (2.38) ,
microdifferential operator . , $[\mathrm{K}\mathrm{T}, \S 2.3]$
, (2.1) ( (2.2)) , ( )
(2.41) WKB , (2.42) Case I
double turning point Stokes curve $–\mathrm{E}\overline{\overline{\mathrm{p}}}$
.
.
Remark (2.40) (2.42) WKB Borel
, $j\geq 2$
$\mu_{j/2}=\nu_{j/2}=0$ . , $[\mathrm{K}\mathrm{T}, \S 2.3]$
, WKB
Borel ( , Ecalle alien derivative





, $3\cross 3$ .
(3.1) $\dot{i}\frac{d}{dt}\psi=\eta[(\begin{array}{lll}\rho_{1}(t) 0 00 \rho_{2}(t) 00 0 \rho_{3}(t)\end{array})+ \eta^{-1/2}(\frac{}{c_{13}}\frac{0}{c_{12}}\frac{c_{12}0}{c_{23}}c_{23}c_{13}0)]\psi$ ,
(3.2) $\rho_{1}(t)=b_{1}t+a$ , $\rho_{2}(t)=b_{2}t$ , $\rho_{3}(t)=b_{3}t$
$(b_{j}, a\in \mathbb{R}, c_{jk}\in \mathbb{C})$ . , $\rho_{j}(t)$ $\rho_{k}(t)$ $t_{jk}$ . ,
(3.3) $t_{12}= \frac{a}{b_{2}-b_{1}}$ , $t_{23}=0$ , $t_{13}= \frac{a}{b_{3}-b_{1}}$ .
, $0<b_{1}<b_{2}<b_{3},$ $a>0$ .
(3.1) ? , Schr\"odinger
. ( $\rho_{j}(t)$ ,
$t_{jk}$ .) ,







(3.4) $\psi^{\pm,(j)}(t)=e^{-i\phi_{j}(t)}|t|^{iA_{j}}\{(\begin{array}{l}0\vdots 1\vdots 0\end{array}\}j+O(\frac{1}{t})\}$
( $\phi_{j}(t)=\int^{t}(b_{j}t+a_{j})dt$ , $A_{j}$ $\in \mathbb{R}$ ) 2 ( )
\psi \pm ,( $t\sim\pm\infty$ ,
(3.5) $(\psi^{-(1)}’, \cdots, \psi^{-,(n)})=(\psi^{+,(1)}, \cdots, \psi^{+,(n)})(\begin{array}{ll}S_{11} S_{1n}\vdots \vdots S_{n1} S_{nn}\end{array})$
$S=(S_{jk})_{1\leq j,k\leq n}$ ( $S$ ) $t\sim-\infty$ $t\sim\infty$
. , 1
WKB ( ) , (3.1) $S$
. , , [L], [Z],
[CH], [BE], [J] (
[T2] ).
(3.1) . ( $(3.1)$ $\eta^{1/2}$
, .
[AKT4, Appendix] .) , (3.1) WKB .
(3.6) $\psi^{(j)}=\exp(\frac{\eta}{i}\int_{0}^{t}\rho_{j}(t)dt)(\rho_{k}-\rho_{j})^{-\kappa_{kj}}(\rho_{l}-\rho_{j})^{-\kappa_{lj}}\{(\begin{array}{l}0\vdots 1\vdots 0\end{array}\}j+O(\eta^{-1/2})\}$ ,
$\kappa_{\alpha\beta}$
(3.7) $\kappa_{\alpha}\rho=\frac{i|c_{\alpha\beta}|^{2}}{b_{\beta}-b_{a}}$ $(\alpha, \beta=1,2,3)$
, $k,$ $l$} {1, 2, 3}
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( , $\{j,$ $k,$ $l\}=\{1,2,3\}$ ). ,
$tarrow-\infty$ $\alpha<\beta$ $\arg(\rho_{\alpha}-\rho_{\beta})=0$ ,
$\alpha>\beta$ $\arg(\rho_{\alpha}-\rho_{\beta})=\pi$ ,
(3.8)
$tarrow+\infty$ ’ $\alpha<\beta ft\text{ }|\mathrm{f}^{\backslash }\arg(\rho_{\alpha}-\rho\beta)=-\pi$ ,
$\alpha>\beta$ $\arg(\rho_{\alpha}-\rho_{\beta})=0$
$(\rho_{k}-\rho_{j})^{-\kappa_{kj}}$ . , WKB \psi ( \psi \pm ,(
,
(3.9) $\psi^{\pm,(j)}=N^{\pm,(j)}\psi^{(j)}$
. (N\pm ,( ,
1 , 1 ,
$N^{-,(1)}=e^{-i\pi(\kappa_{12}+\kappa_{13})}$ , $N^{-,(2)}=e^{-i\pi\kappa_{23}}$ , $N^{-,(3)}=1$ ,
(3.10)
$N^{+,(1)}=1$ , $N^{+,(2)}=e^{-i\pi\kappa_{12}}$ , $N^{+,(3)}=e^{-i\pi(\kappa_{23}+\kappa_{13})}$
.) , WKB $\psi^{(j)}$ $\psi^{\pm,(j)}$ .
WKB \psi ( , (3.1) turning point Stokes
curve . , turning point tj\sim
. , (3.1) $\rho_{j}(t)$ 1 ,
turning point Stokes curve , Figure 1 $45^{\mathrm{O}}$
. , Figure 1 2 , (3.1) $.\text{ }$ new Stokes
curve . , , 2 new Stokes curve
WKB Borel Stokes . (
“new turning point” ( “virtual turning point”)
. [AKT4] . , Figure 1
new Stokes curve .) $S$
, , 3 turning point $t_{jk}$
Stokes curve . , 3 tuming
point Theorem 2 Case $\mathrm{I}$ double turning point .
, (3.1) $\eta^{1/2}$ , $t_{jk}$ $\eta$
(2.40) . , $tjk$ Stokes curve , (2.40)
(2.42) .
$t_{23}=0$ turning point . (2.40)
, $t_{23}=0$ “ ” $\mu,$ $\nu$ ( 1 )
(3.11) $\mu_{1/2}=-\sqrt{\frac{2i}{b_{3}-b_{2}}}c_{23}$ , $\nu_{1/2}=-\sqrt{\frac{2i}{b_{3}-b_{2}}}\overline{c_{23}}$ , $\frac{\mu\nu}{2}=\frac{i|c_{23}|^{2}}{b_{3}-b_{2}}+\cdots=\kappa_{23}+\cdots$
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$3<2$ $3<1$ . $2<1$ $2<3$ $1<3$ $1<2$
$2<3$ $1<3$ $1<2$ $3<2$ $3<1$ $2<1$
Figure 1: (3.1) Stokes curve.
. ( $(3.11)$ . . . $\eta$ . .
$\eta$ 1 , ,
. . . .) , (2.40) (2.41)
$\tilde{\varphi}^{(\pm)}$ , $\tilde{\varphi}^{(\pm)}$ \psi ( .
(3.12) $\{$
$\tilde{\varphi}^{(+)}$ $=$ $(2(b_{3}-b_{2}))^{-\mu\nu/4}e^{:\pi\mu\nu/8}a^{:|\mathrm{c}_{12}|^{2}/(b_{2}-b_{1})}(1+\cdots)\psi^{(2)}$ ,
$\tilde{\varphi}^{(-)}$ $=$ $(2(b_{3}-b_{2}))^{\mu\nu/4}e^{-5\dot{\iota}\pi\mu\nu/8}a^{:|\mathrm{c}_{13}|^{2}/(b_{3}-b_{1})}(1+\cdots)\psi^{(3)}$ .
$\tilde{\varphi}^{(\pm)}$ (2.42) . , 2
(3.12) (2.42) , $t_{23}=0$










( $(3.13)$ 2 . , $\psi^{(1)}$ Stokes
.) , $3\cross 3$ $M_{23}$
(3.15) $M_{23}=(\begin{array}{lll}\mathrm{l} 0 00 1+\alpha_{23}^{-}\alpha_{23}^{+} -\alpha_{23}^{+}0 -\alpha_{23}^{-} 1\end{array})$
, $t_{23}=0$ , $\psi^{(j)}(j=1,2,3)$
(3.16) $(\psi^{(1)}, \psi^{(2)}, \psi^{(3)})-(\psi^{(1)}, \psi^{(2)}, \psi^{(3)})M_{23}$
.
, $t_{13}$
(3.17) $(\psi^{(1)}, \psi^{(2)}, \psi^{(3)})\mapsto(\psi^{(1)}, \psi^{(2)}, \psi^{(3)})M_{13}$ ,
$M_{13}=(\begin{array}{lll}\alpha_{13}^{-}1+\alpha_{13}^{+} 0 -\alpha_{13}^{+}0 1 0-\alpha_{13}^{-} 0 1\end{array})$ ,




(3.19) $(\psi^{(1)}, \psi^{(2)}, \psi^{(3)})\mapsto(\psi^{(1)}, \psi^{(2)}, \psi^{(3)})M_{12}$ ,
65
$M_{12}$ $=(\begin{array}{lll}\alpha_{\mathrm{l}2}^{-}1+\alpha_{\mathrm{l}2}^{+} -\alpha_{12}^{+} 0-\alpha_{12}^{-} 1 00 0 1\end{array})$ ,




(3.1) $S$ , 3
. , WKB $\psi^{(j)}$ \psi \pm ,( (3.9)
,
(3.21) $(\begin{array}{lll}N^{+,(1)} 0 00 N^{+,(2)} 00 0 N^{+,(3)}\end{array})M_{12}M_{13}M_{23}(\begin{array}{lll}N^{-,(1)} 0 00 N^{-,(2)} 00 0 N^{-,(3)}\end{array})$
$S$ . , , (3.1) $S$ 1
.
(3.22)
$(\begin{array}{llll}e^{i\pi(\kappa_{12}+\kappa_{13})} \alpha_{23}^{-}\alpha_{13}^{+}e^{i\pi(2\kappa_{12}-\kappa_{23})}- \alpha_{12}^{+}e^{i\pi\kappa_{23}} -\alpha_{13}^{+}e^{2i\pi\kappa_{12}}+\alpha_{12}^{+}\alpha_{23}^{+}-\alpha_{12}^{-}e^{i\pi\kappa_{13}} -\alpha_{12}^{-}\alpha_{23}^{-}\alpha_{13}^{+}e^{i\pi(\kappa_{12}-\kappa_{23})}+ e^{|\pi(\kappa_{12}+\kappa_{23})} (\alpha_{12}^{-}\alpha_{13}^{+}-\alpha_{23}^{+})e^{i\pi\kappa_{12}}-\alpha_{13}^{-}e^{i\pi(-\kappa_{12}+\kappa_{23})} -\alpha_{23}^{-}e^{i\pi\kappa_{13}} e^{i\pi(\kappa_{23}+\kappa_{13})}\end{array})$ .
WKB $S$ , $\rho_{j}(t)$ 1
.
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